Synthetic Aperture Radar (SAR) provides high resolution images of terrain and target reflectivity. SAR systems are indispensable in many remote sensing applications. Phase errors due to uncompensated platform motion degrade resolution in reconstructed images. A multitude of autofocusing techniques has been proposed to estimate and correct phase errors in SAR images. Some autofocus techniques work as a post-processor on reconstructed images and some are integrated into the image reconstruction algorithms. Compressed Sensing (CS), as a relatively new theory, can be applied to sparse SAR image reconstruction especially in detection of strong targets. Autofocus can also be integrated into CS based SAR image reconstruction techniques. However, due to their high computational complexity, CS based techniques are not commonly used in practice. To improve efficiency of image reconstruction we propose a novel CS based SAR imaging technique which utilizes recently proposed Expectation Maximization based Matching Pursuit (EMMP) algorithm. EMMP algorithm is greedy and computationally less complex enabling fast SAR image reconstructions. The proposed EMMP based SAR image reconstruction technique also performs autofocus and image reconstruction simultaneously. Based on a variety of metrics, performance of the proposed EMMP based SAR image reconstruction technique is investigated. The obtained results show that the proposed technique provides high resolution images of sparse target scenes while performing highly accurate motion compensation.
Introduction
Synthetic Aperture Radar (SAR) is a technique to generate high resolution images of ground reflectivity from a sensor platform. Over more than five decades of their use, SAR systems have found wide variety of application areas ranging from military surveillance to environmental monitoring activities. The success of SAR systems stems from their ability to coherently integrate multiple returns acquired over the course of the flight path of the SAR platforms, which requires precise platform position information within a fraction of the carrier wavelength. Even with the use of modern navigational systems, there is an error due to the difference between actual and the estimated platform positions which results in considerable phase errors especially for high resolution SAR systems typically operating at higher carrier frequencies. Several autofocus techniques have been developed to estimate this residual phase * Corresponding author.
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error [1] [2] [3] [4] [5] [6] [7] . Once a reliable estimate is obtained, the effect of the phase error is compensated on the raw SAR data to provide better SAR reconstructions.
Compressed Sensing (CS) is a relatively new paradigm [8, 9] in which theoretically, sparse signals can be reconstructed by sampling them below Nyquist rate. Application of CS requires the reconstructed signal to be sparse in a known basis [10] . Since sparsity is encountered in many natural signals, CS has found diverse application areas including radar signal processing [11] [12] [13] [14] [15] [16] [17] [18] . Compressive sensing based radar in theory has several advantages such as reduced memory size, decreased A/D converter rates or possibility of eliminating the match filtering process [19] . Because CS allows to reconstruct SAR images by using data sampled below the Nyquist rate, the required memory size and A/D converter rate can be relaxed, resulting important cost and complexity savings in practice [20] .
In the application of CS to SAR image reconstruction, the scene reflectivity is required to have a sparse representation in a known basis. Speckle noise creates significant challenges in representation of SAR images sparsely. But for radar scenes with highly reflective man-made objects, wavelets [21] , standard unit impulse basis vectors, or both can be used for a sparse representation of the targets that dominate the scene reflectivity.
SAR image reconstruction by using sparsity driven penalty function has been investigated in [19, [22] [23] [24] [25] . Ref. [26] gives a thorough survey of recent literature on sparsity driven SAR imaging. CS based SAR imaging is generally formulated as a convex l 1 norm minimization problem and it is solved by either linear programming or greedy pursuit algorithms. Although these techniques do not consider phase errors in SAR image reconstruction, the proposed techniques in [20, [27] [28] [29] provide sparse reconstructions in the presence of phase errors. However, compared to the commonly used SAR autofocusing techniques, these approaches require significantly more processing time than conventional reconstruction techniques that limits their practical use.
In the present study, a novel SAR reconstruction technique that utilizes a new sparse reconstruction approach called as Expectation Maximization Matching Pursuit (EMMP) algorithm [30] is proposed. The EMMP algorithm uses the compressive measurements as incomplete data about the system and iteratively applies expectation and maximization (EM) steps to construct the complete data that would correspond to a set of SAR data for each dominant target in the scene. The objective of EM iterations is to provide more reliable estimates to the complete data so that accurate and efficient estimation of the individual target parameters can be obtained more reliably in the maximization step. Once, more accurate estimates for a certain target are obtained, its contribution to the incomplete data can be more accurately estimated allowing reconstruction of remaining targets without its interference. This EM procedure also allows to estimate unknown phases for each complete data component in an iterative manner.
The proposed EMMP based SAR imaging algorithm is greedy, computationally less complex, and has lower reconstruction errors compared to l 1 norm minimization. Hence, both the accuracy and convergence rate of the iterations significantly increase, enabling fast and high resolution SAR image reconstructions. Note that, in addition to the preliminary results presented in [31] , the proposed approach [32] is extended to conduct autofocus as part of the EMMP iterations. As illustrated on both synthetic and real data sets, the proposed EMMP based SAR reconstruction technique performs highly effective autofocus in the presence of phase errors.
In Section 2, the proposed technique of simultaneous reconstruction and autofocus of sparse SAR images based on EMMP algorithm is described. Section 3 investigates the effect of sparsity parameter on the image reconstruction quality of the proposed technique. Comparison of the image reconstruction performances of the proposed technique and the technique based on the nonlinear conjugate gradient descent algorithm is given in Section 4. Section 5 concludes the article.
Simultaneous reconstruction and autofocus of sparse SAR images based on EMMP algorithm
In spotlight mode SAR, an airborne or spaceborne platform carries a mono-static radar system on a straight flight path, while the radar transmits and receives echoes from the area of interest (see Fig. 1 ). The received and digitized radar returns are coherently processed to obtain significantly higher resolutions in azimuth direction that could have been obtained by a large aperture antenna. Baseband measurement model of a spotlight SAR system can be written as the following vector-matrix equation [25] :
where y is the received signal (the measurement vector), G is the complex valued discrete SAR projection operator matrix, x is the reflectivity vector and w is the additive complex white Gaussian One important application of SAR systems is imaging of manmade objects. Since, typical reflections from man-made objects are significantly stronger than that of background terrain, reflectivity distribution over the imaged area can be modeled as a sparse distribution over an appropriate set of vectors such as wavelets.
Proven guarantees of CS based reconstruction techniques ensure that reliable reconstruction of a sparse signal of length m is possible if the measurement matrix satisfies Restricted Isometry Property (RIP) and the number of measurements are at least O (K log(m/K )) where K is the level of sparsity of the signal [33] , which can be significantly smaller than m. Thus, for sparse SAR image reconstructions, the required number of samples can be significantly lower than the Nyquist rate, providing important hardware savings. To exploit the potential reduction in the sampling rate, the method described in [20] can be used to under-sample the measured data. Assuming that the reflectivity vector is sparse in the column space of a given matrix with representation coefficients α, measurement model given in (1) can be written equivalently as:
In CS applications, it is desired to obtain a reconstruction which is as sparse as possible while providing a tolerable fit to measurements. For this purpose, l 0 norm of α can be minimized [8, 9] .
Since l 0 norm optimization requires combinatoric search that is rarely feasible in practice, generally the l 0 norm problem is relaxed to l 1 norm minimization problem. It is proven that l 0 and l 1 norm minimization problems provide the same solution if α is sparse and A holds the RIP [34, 35] .
Generally, the SAR image reconstruction in CS methodology has been formulated in two different approaches. In Basis Pursuit Denoising (BPDN) [36] formulation, min α α 1 such that y − Aα 2 ≤ σ , (3) the scene with minimum l 1 norm is reconstructed such that the resulting fit error to measurements is less than a threshold σ . In LASSO formulation [37] ,
the scene whose reflectivity has an l 1 norm that is less than τ , is chosen to minimize the fit error. Although in principle these formulations are equivalent for a properly chosen (σ , τ ) pair, it is not straightforward to determine σ for SAR image reconstructions especially if the terrain reflectivity is highly variable. However, an appropriate choice for τ can be obtained based on the size and reflectivity of the dominant reflectors in the imaged area. Hence, it is easier to choose a proper τ , to the l 1 -norm of the target. Therefore in practice, LASSO formulation is more suitable for SAR image reconstructions with dominant reflectors in the target scene.
Unlike BPDN and LASSO formulations, the proposed EMMP approach provides a near optimal solution to the following l 0 norm problem:
where K is the sparsity level of the signal. Sparsity level K can be estimated for man-made targets based on the ratio of the target and resolution cell areas. Hence, it is actually easier to choose K , because the choice for τ in the LASSO formulation also requires reflectivity information about these targets.
SAR systems need accurate distance and angle information between the SAR platform and the reference point in the terrain of interest in order to establish the synthetic aperture precisely. However, especially in airborne SAR applications, due to the limited accuracy of the navigational sensors, there is always some residual error left in the estimation of the actual flight path. These uncompensated platform motion errors cause uncertainties in distance and angle measurements which result in phase errors in the received SAR signal. Let φ(t) represents the phase error which results mixing errors, hence the demodulation output of the SAR system becomes [38] :
where y p (t) is the received signal with phase error due to an error of the platform position from the scene center. Following (6), the exponential multiplication of the phase error can be inserted to the signal model and the measurement relation of (1) becomes:
Here, is a diagonal matrix representing phase errors for every different measurement position on the flight path and is given as: (8) Here N × N is the total number of measurement positions that will be used in the image reconstruction and φ i 's are the corresponding phase errors in radians incurred at the ith measurement position. Because the deviation from the flight path is typically a small fraction of a range resolution bin, the error in the range compressed data due to phase error is generally ignored [38] . Therefore, phase errors are assumed to be the same for all the obtained data at each azimuth position of the radar platform, resulting:
where y p i is the partition of the measurement vector y p which contains all the range points corresponding to the azimuth position index i, φ i is the respective phase error, G i is the partition of the matrix G for each azimuth position and N is the total number of azimuth positions.
To obtain a sparse and autofocused reconstruction, we would like to solve the following optimization in terms of two sets of variables, α and to account for the phase error:
The required optimization in (10) can be reduced to an optimization over α alone by replacing that provides the minimum cost for each α [39] :
where,
To minimize the cost in (12) for a given α, the phase error matrix that minimizes y p − Aα 2 should be obtained. Because phase errors are assumed to be the same for all the data corresponding to a certain azimuth location [38] , the minimization can be formulated equivalently as:
where A i is the partition of the matrix A corresponding to the ith azimuth position. In this formulation, the unique solution for phase error estimate φ i , for each azimuth position can be obtained as:
With this result, (10) can be reduced to an optimization over α only:
To obtain both the phase error estimates and autofocused image parameters (14) and (15) are sequentially used. EMMP iterations are used for (15) and phase error corrections are easily implemented within these iterations as summarized in Table 1 . In the algorithm, C corresponds to the complete data matrix, r corresponds to the residual vector and corresponds to the termination criteria which can be set to the average energy of background pixels around the region of interest. The inputs of the EMMP algorithm are the measurement matrix A, the measurements y p , the sparsity level K , and the termination parameter . Initially, the complete data matrix is set to zero and the residual vector is initialized to y p . Because EM algorithm is known to be locally convergent, its initialization plays a critical role in ensuring convergence to the global solution. But with the initial values set as indicated, the EMMP algorithm always gives meaningful results. Whether these solutions correspond to the global solution or, they are local solutions in the vicinity of the global one giving acceptable results, shall be investigated as a further work.
As in the EM algorithm [40] , in EMMP algorithm iterations,
given estimates for y j and , the jth sparse component of α is found as the best matching vector among the columns of A to 
Phase Error Estimate:
end while loop
Output: x = α solution vector
Simulation results
To illustrate the performance of the proposed EMMP based autofocused SAR imaging technique (EMMP-AF-SAR) reconstructions on both synthetic data as well as real SAR data from MSTAR database [41] have been investigated. For synthetic data, an A/D converter operating at one-third of the Nyquist rate is used. For Slicy data of MSTAR database, an A/D converter operating at onefourth of the Nyquist rate is used. In addition to the rate reduction of the A/D converter, another 10% reduction on the obtained samples is achieved by using pseudo-random sampling scheme detailed in [20] .
MATLAB implementation of the proposed EMMP-AF-SAR technique running on a standard laptop converges in about 20 iterations taking 20 seconds to 5 minutes depending on the size of the image, which is significantly faster than alternative gradient descent based optimization techniques for CS reconstructions. For real-time applications, the proposed approach can be implemented on off-the-shelf processor boards to further reduce the computation time.
Results on synthetic data
The proposed EMMP-AF-SAR technique is first applied on a set of synthetic SAR data. To provide a benchmark, the synthetic SAR data with no phase error is processed with Polar Format Algorithm (PFA) and the resultant image shown in Fig. 2(a) is obtained. To investigate the effect of motion errors, the synthetic SAR data is distorted by phase errors at each azimuth vantage point. The result obtained by the PFA algorithm is shown in Fig. 2(b) . For comparison, reconstructed SAR image by using the well known Phase Gra- dient Autofocus algorithm (PGA) [7] is shown in Fig. 2(c) . Usually, three iterations of PGA are sufficient to compensate phase errors reasonably. As seen from Fig. 2(c) , although the image is corrected to some extent compared to Fig. 2(b) , phase error related degradations are still visible. In Fig. 2(d) , the reconstruction obtained by using the proposed EMMP-AF-SAR technique is shown. Although this reconstruction is obtained by using only 30% of the data required by the PGA technique, it is visibly better focused than the result of PGA shown in Fig. 2(c) .
Results on real Slicy SAR data
The results obtained using real SAR measurements for two types of Slicy targets are shown in Fig. 3 . The first row presents PFA reconstructions with no phase error. The PFA reconstructions with synthetically induced phase error are shown in the second row. Reconstructed by PFA and autofocused by PGA images are given in the third row. The fourth row presents the reconstructions obtained by the proposed EMMP-AF-SAR technique. Note that in the reconstructions with the proposed EMMP-AF-SAR technique only 22.5% of the raw data is used.
The results show that the reconstruction quality of the proposed EMMP-AF-SAR technique is better than that of the PFA-PGA technique while the proposed EMMP-AF-SAR technique requires a fraction of the data for reconstruction. Even though some minor blurs caused by phase errors left in PFA-PGA reconstructions, phase error degradations are almost totally removed from the images reconstructed by the proposed EMMP-AF-SAR technique. Unlike the previously proposed CS SAR reconstruction techniques, the processing time of the proposed EMMP-AF-SAR technique is also comparable to the PFA-PGA technique.
To illustrate the extend of autofocusing provided by the proposed algorithm, significantly large phase error is synthetically induced in the raw data. As shown in Fig. 4 , the proposed EMMP-AF-SAR technique provides an acceptable estimate to the synthetically induced phase error.
In order to quantify and compare the image reconstruction performance of the EMMP-AF-SAR technique with alternative techniques, the following two metrics are used:
1. Mean Square Error, which is defined as [24] :
where x is the original image, x is the reconstructed image, and N 2 is the total number of pixels in the image.
2. Entropy of the image [24] : this is a metric related to sharpness of the image:
where the discrete variable p contains the histogram counts of the image x. Entropy is small for sharper images so it is preferable for an algorithm to result in low entropies for image formation.
These metrics give indications about the performance of the reconstructions especially on the target classification applications. Table 2 lists these metrics for the images illustrated in Fig. 3 . The data presented in Table 2 indicates that PFA-PGA technique has a better performance for the MSE metric of the Slicy 1 target. For other parameters, the EMMP-AF-SAR technique outperforms the PFA-PGA technique. Note that, for the scenes with strong manmade targets, EMMP-AF-SAR technique provides reconstructions with only non-zero values present in the support of the targets, thus, eliminates the speckle noise associated with ground reflectivity. The results show that the EMMP-AF-SAR technique serves well for the target classification without further windowing and speckle noise removal. It is important to note that, unlike the classical PFA-PGA technique, the proposed EMMP-AF-SAR technique has variable and K parameters that can be adjusted for the target class of interest to provide significant control over the reconstructions.
Effect of sparsity on quality of SAR image reconstructions
In this section the effect of the sparsity parameter, K , on the reconstructed image quality is investigated. For this investigation, military target image of MSTAR database is used with 40% of the Nyquist rate data. Fig. 5(a) gives the original image used in the trials which is reconstructed by PFA. The image contains a military target with very high speckle noise. Figs. 5(b)-(f) illustrate the resultant images reconstructed by the proposed EMMP-AF-SAR technique for a range of sparsity level K . Fig. 5 illustrates that for K set lower than the actual sparsity level of the target, reconstructed images lack important features of the target. For K set close to the actual sparsity level of the target (which is approximately 50), reconstructions provide better results. For K set to greater than the actual sparsity of the target, the result is the increased noise level in the reconstructed images. Quantitative metrics given in Table 3 also support these observations. Again the best results are obtained for the reconstructions with K set close to the actual sparsity of the target.
Performance comparison between EMMP-AF-SAR and non-linear conjugate gradient descent algorithms
In this section, the image reconstruction quality of the proposed technique is compared to that of a previously proposed CS based SAR image reconstruction technique based on gradient descent algorithm that will be referred to as CS-PE-TV [20] . The original MSTAR target images, the synthetic motion error induced images both reconstructed by PFA, and the images reconstructed by PFA and autofocused by PGA are again given in the rows (a), (b), and (c) of Fig. 6 as a benchmark. Row (d) of Fig. 6 gives the images reconstructed by the CS-PE-TV technique. Reconstructions obtained by the EMMP-AF-SAR technique for the same target scenes are shown in row (e) of Fig. 6 . Note that, only 40% of the Nyquist sampled raw data is used in these CS reconstructions. Compared to the CS-PE-TV reconstructions given in row (d) of Fig. 6 , reconstructions provided by the EMMP-AF-SAR technique are of similar quality. Also, it is observed that the EMMP-AF-SAR technique provides an effective autofocusing on the reconstructions. Compared to the CS-PE-TV technique, the main advantage of the EMMP-AF-SAR technique is its computational efficiency. An MSTAR reconstruction with the non-linear conjugate gradient descent algorithm takes about 20 hours while the same reconstruction with the EMMP-AF-SAR technique takes only 3-5 minutes on an ordinary PC. Also, EMMP-AF-SAR technique provides reconstructions with significantly more suppressed speckle noise.
While suppressing speckle noise of the terrain, the EMMP-AF-SAR technique also removes shadows of targets in the imaged scene. Shadow information in SAR images is valuable and can be used in image classification applications. The technique based on the non-linear conjugate gradient descent algorithm also suppresses shadows. Generally CS based SAR image reconstruction techniques construct only target features but suppress shadows. Retaining shadows in SAR images while reconstructing them by CS techniques is important and will be investigated as a future work. Multichannel autofocus [5, 42] and filtered variation [43] are two candidates to preserve the shadow information in CS SAR image reconstruction. 
Table 3
Effect of sparsity parameter on image reconstruction quality metrics. A military target image from MSTAR database is used for the trials. Only 40% of the raw data is used for the reconstructions by the proposed technique. The performance metrics for MSTAR images reconstructed by different techniques are given in Table 4 . For the MSE metric, EMMP-AF-SAR technique gives a better result than the result of the CS-PE-TV technique, for target (1) . But for other two targets, the results of the CS-PE-TV technique are better. In terms of the MSE, it is observed that there is no significant quantitative difference between the reconstructions of these algorithms. However, in terms of Entropy metric, the EMMP-AF-SAR technique provides significantly better reconstructions. Almost total removal of the speckle noise of the terrain provides the edge for the EMMP-AF-SAR technique over the CS-PE-TV technique. To achieve improved performance levels with respect to Entropy metric with the reconstructions of the CS-PE-TV technique, a post-processing step designed to suppress the speckle noise can be incorporated to the processing chain. 
Conclusions
SAR imaging of scenes with strong man-made targets is of interest in many remote sensing applications. The required high resolution in these images can only be obtained with an effective compensation of errors induced by platform motion.
In this work, a new EMMP algorithm based SAR image reconstruction technique is proposed that provides accurate estimation of phase errors due to uncompensated platform motion and delivers high quality reconstructions of sparse target scenes. It is demonstrated on both synthetic and real SAR data that the proposed EMMP based autofocused SAR reconstruction technique provides efficient reconstructions of SAR images even under severe phase errors. Since, it requires only a fraction of the Nyquist rate samples, the EMMP-AF-SAR technique also relaxes the requirements on the SAR hardware.
Unlike alternative l 1 norm minimization based approaches, the proposed technique provides near optimal solution to the desired l 0 norm minimization problem efficiently by a sequential search procedure in 1-dimensional search spaces. Moreover, EMMP-AF-SAR technique converges faster compared to Non-Linear Conjugate Gradient Descent algorithm for CS reconstructions while providing comparable quality outputs. An example image reconstruction with the non-linear conjugate gradient descent algorithm takes about 20 hours due to large matrix operations with high computational complexities. However the same reconstruction with the EMMP-AF-SAR technique takes only 3-5 minutes thanks to its lower computational complexity. The 3-5 minutes reconstruction time is slightly longer than the reconstruction time of the PFA-PGA technique which is around one minute. Comparison with PFA-PGA technique over synthetic and real data sets with manmade targets shows that the proposed technique provides comparable or improved reconstructions. In addition, since EMMP-AF-SAR reconstructions are highly localized with significantly suppressed speckle, it enables improved target classification.
